We consider general approach to exactly solvable 2D dilaton cosmology with one-loop backreaction from conformal fields taken into account. It includes as particular cases previous models discussed in literature. We list different types of solutions and investigate their properties for simple models, typical for string theory. We find a rather rich class of everywhere regular solutions which exist practically in every type of analyzed solutions. They exhibit different kinds of asymptotic behavior in past and future, including inflation, superinflation, deflation, power expansion or contraction. In particular, for some models the dS spacetime with a time-dependent dilaton field is the exact solution of field equations. For some kinds of solutions the weak energy condition is violated independent of a specific model. We find also the solutions with a singularity which is situated in an infinite past (or future), so at any finite moment of a comoving time the universe is singularity-free. It is pointed out that for some models the spacetime may be everywhere regular even in spite of infinitely large quantum backreaction in an infinite past.
their evaporation, appearance of cosmological singularities, etc.) and, due to their relative simplicity, enable to track details which are obscured by mathematical complexity in 4D case. Stimulated by investigations, started in 2D black hole physics [1] , at present 2D dilaton gravity grew in a rather vast branch of semiclassical gravity (see, e.g., the reviews
[2], [3] ). On the other hand, although the 2D is much simpler than 4D one, a generic 2D model with backreaction taken into account is not exactly solvable. Exactly solvable models of 2D semiclassical dilaton gravity represent only special subset of all possible 2D dilaton gravity theories and were studied mainly in the context of black hole physics [4] - [12] .
In the present paper we will be dealing with 2D dilaton cosmology accounting for backreaction of quantum conformal fields. A particular solution for such a system was found in [13] but it turned out that it suffers from the presence of unavoidable physical singularities. The interest to exact solutions in 2D semiclassical cosmology was further stimulated by the fact that inclusion of backreaction in some another models does cure the problem of cosmological singularities. This was observed in Ref. [14] , where it was shown that this effect leads to smooth transition between superinflation and FRW phases for some particular model and, thus, resolves the problem of the graceful exit (brief review on this issue in the context of dilaton theory can be found in [15] ). However, this result was achieved at the cost of putting the quantum coupling parameter κ = (N −24) 24
to negative values. Meanwhile, the quasiclassical approximation, within which all consideration was performed, implies → 0, N → ∞, that is κ > 0. The improved model, free of unphysical restriction on κ, was analyzed in [16] , [17] and was shown also to contain singularity-free solutions.
These studies on 2D dilaton cosmology with everywhere regular solutions concerned only some special fixed models with the zero cosmological constant. In the present paper we relax the demand of having the zero cosmological constant (that, in the context of modern cosmology, looks more physical) and (i) give the full list of cosmological solutions within the exactly solvable models specified by the one relationship between the coefficient of the gravitation-dilaton action, (ii) find among them examples with everywhere bounded curvature.
In 4D world one can safely distinct between black hole and cosmological horizons (for instance, in the de Sitter spacetime an observer, situating in the static region, can observe that the area of a sphere is increasing, while he is approaching the horizon). In 1+1 spacetimes, where there is only one space dimension, such a distinction becomes conditional. To avoid confusion between proper cosmological solutions and non-static regions inside black holes, hereafter (unless otherwise stated explicitly) we will be interested in such spacetimes, which are geodesically complete along time-like geodesics. This means that the true cosmological spacetime should be regular for all interval of comoving time −∞ < τ < ∞ (that is the most physically interesting situation) or hit a singularity. If it happens at some finite τ = τ 0 , the geometry is regular for τ 0 < τ < ∞ or −∞ < τ < τ 0 . Apart from this, we find also the intermediate type of the metric when the singularity exists only in an infinite past (or infinite future). The solutions discussed in [18] do not meet the above mentioned criteria and represent rather a non-extreme black (or white) hole in its non-static region, than a true cosmological solution.
The paper is organized as follows. In Sec. II we repeat briefly the main formulas concerning exactly solvable models, following the approach of [12] (where a reader can find details), with modifications, necessary to take into account that now we are dealing with homogeneous solutions instead of static ones in [12] . In Sec. III we list general solutions within families of exactly solvable solutions and enumerate possible subclasses, to which they fall dependent on the relationship between their parameters. In Sec. IV we analyze in detail possible concrete types of solutions, which can be obtained from generic ones by setting some parameters to zero, find explicit exact solution and analyze their asymptotic behavior in far past and future. Special emphasis is made on everywhere regular solutions, when the curvature scalar remains bounded. In Sec. V we discuss the properties of generic types of solutions and show, how results, obtained in the previous section for particular cases, can be exploited to describe asymptotic behavior of generic exact solutions. In Sec. VI, using some exact solutions, found in previous sections, we show that even infinitely strong quantum backreaction may be compatible with the regularity of cosmological solutions. In Sec. VII
give the summary of the results obtained.
II. BASIC EQUATIONS
Consider the action
where
the Polyakov-Liouville action [19] I P L , incorporating effects of Hawking radiation and its back reaction on the black hole metric, can be written as
The function ψ obeys the equation
where 2 = ∇ µ ∇ µ , κ = N/24 is the quantum coupling parameter, N is number of scalar massless fields, R is a Riemann curvature. We omit the boundary terms in the action that do not affect the form of field equations.
Varying the action with respect to a metric gives us (T µν = 2 δI δg µν )
Variation of the action with respect to φ gives rise to the equation
In general, field equations cannot be solved exactly and the function ψ, the dilaton φ and metric depend on both time-like (t) and space-like (x) coordinates:
In what follows we restrict ourselves to such kind of solutions that ψ can be expressed in terms of φ only: ψ = ψ(φ). This leads to the existence of the Killing vector which, in our case is assumed to be a spacelike instead of timelike in [12] .
In general, eqs. (5) - (8) cannot be solved exactly even under these restrictions. However, there exist a family of models which is exactly solvable. For these models the action coefficients are not arbitrary but satisfy the relationship
where [11] . The full list of possible types of solutions within the family (9) was suggested in [12] . Thus, instead of looking for cosmological solutions all over again, we may simply borrow them from [12] . Being trivial from the formal viewpoint (one only needs to interchange temporal and spatial coordinates and signs in some folrmulas), this procedure gives rise, however, to qualitatively another types of solutions in the sense that every static solution has its homogeneous counterpart, and vice versa. Not all of them are of physical interest, but, as we will see below, corresponding exactly solvable models contain cases which can be interpreted as describing evolution of 2D universe.
It is convenient to work in the conformal gauge
where, in accordance with the choice of the Killing vector, g = g(t) and does not depend on a space-like coordinate σ. In the gauge (10) the curvature
a is a scale factor, τ is a comoving time. (Throughout the paper dot denotes differentiation with respect to a time-like coordinate t, prime -with respect dilaton φ.) For exactly solvable models [12] 
It follows from (4) that
where b is a constant, δ = γ + b.
It is instructive to write down also formulas in the isotropic coordinates
Then
The Polyakov-Liouville stress-energy tensor
Provided the metric g and ψ depend on t only, it follows from (7) and (12) that the quantity
= 0. Then (16) it entails that for spacetimes under discussion t + = t − = const.
Comparing (7), (14) and (15), we see that
where we put b = δ − γ to retain succession with notations of [12] .
III. GENERAL CASE, TYPES OF SOLUTIONS
It turns out [12] that the solutions of field equations can be represented in the form:
where the function f obeys the equation
If U ≡ 0, the second formula in (20) loses its meaning but other ones retain their validity, where the function ω should be understood as an arbitrary function, parametrizing a solution.
We get the following different cases.
Let us write the potential as
Then one can derive from field equations that
where z = −1 for the I b case, z = 0 = Λ for II b and z = 1 in cases I a , II a , III.
The Riemann curvature reads the following.
I a , II a , III:
I b :
II b :
Here q = (
In a similar way, we get the general structure of the expression for quantum stresses.
Two nonzero components of quantum stresses are connected for conformal fields by the
(see eq. (7)). Here we list the component
only. One obtains from (7), (12), (13), (22):
except the case II b , when
IV. PARTICULAR CASES AND LIMITING TRANSITIONS
The solutions obtained depend on several parameters. In what follows it is assumed that the dilaton is not identically constant. The quantities Λ and C enter the definition of the action coefficients: Λ is the "amplitude" of the potential U of a generic model according to eq. (23), while the parameter C defines the coefficient V of an exactly solvable one (9) .
Meanwhile, the quantities δ and α are the parameters of the solutions of field equations, they do not enter the action but characterize the different solutions for the same model.
Let us denote the symbolically [C, Λ]( δ, α) the solutions with given parameters for a given action, where it is supposed that the values of parameters differ from zero, unless otherwise stated explicitly. Consider first the case
In the cases [0, 0](0, α) and [0, 0](δ, 0) it turns out that field equations are mutually inconsistent, so these cases cannot be realized.
Here A is an arbitrary constant.
Below we will mainly concentrate on potentials of the form
and
The condition d > 0 ensures that H (φ) < 0 and does not change the sign.
Example.
Let , for definiteness, A < 0,
Then for the model (34) we have superinflaiton with the exact solution
(φ 0 is a constant). Hereafter we use for shortness dimensionless time τ . The case n = 2 corresponds to de Sitter spacetime with a exp(τ ).
More interesting situation arises for the case (35). Then for τ → −∞ eqs. (37) hold
Thus, we have a graceful exit from superinflation to the FRW phase. This solution generalizes previous result of [17] (which holds for n = 1) to the case of an arbitrary 0 < n < 2. For an arbitrary n the curvature
remains finite everywhere for any 1 ≤ n ≤ 2.
It is instructive to compare this with previous papers on semiclassical exactly solvable cosmological models. Actually, the solution considered in [18] corresponds just only to the case [0, 0](0, 0)and particular model (35) for n < 0. In [18] there was obtained the power asymptotic behavior at the beginning of expansion near τ = 0, where a τ that it is rather difficult to call "inflation" (as it was called in [18] ). Moreover, as the spacetime is geodesically incomplete in the case considered there (the parameter τ having meaning of comoving time is finite), it seems that this is not a cosmological solution at all but, rather, it describes the transition from a homogeneous to a static, when an observer crosses an event horizon of a white hole where a = g = 0. Therefore, the finiteness of the curvature on the horizon tells nothing about possible existence of the singularity which may lie behind the horizon.
Compare now our results with those in [17] . Using a = exp(φ) from (33), we obtain (taking for simplicity in (33) A = −1) for the model (35)
Solving eq. (40) with respect to e φ , we obtain
This corresponds to eq. (17) of [17] (a reader should bear in mind that in [17] by definition
, while we use κ = N 24
). Choosing the values of constants in [17] , α = 1, β = 0 (this can be always done without loss of generality by a proper shift and recalling of the variable τ ) and d = 1 in our paper, we achieve full coincidence. The curvature is everywhere bounded. For τ → ∞ R τ −4 that agrees with (38) in the case n = 1.
It is also worth commenting on some general properties of the geometry and quantum stresses for the kind of solution under discussion, generalizing the previous observations made for particular representatives of the models studied in [17] , [20] . If ω = const (that is indeed the case for the most popular dilaton potentials and was used in the above consideration),
. For the nonsingular models, which represent the most interest, H does not vanish. If, for definiteness, H < 0 and ω < 0, we obtain that R > 0. Taking into account (11), we obtain that in any kind of such a model 
Type
If , otherwise it diverges at φ → ∞.
For the model (35) we obtain at t → −∞:
Thus, R always remains bounded at τ → −∞ independent of the value of q. Then a → 1 and the spacetime becomes asymptotically flat.
The [17] .
For the model (35) with ω = −2 it is convenient to rewrite the scale factor in (43) in the
Introducing notation ξ = e −2φ and choosing the values of constants δ 2 = 2µ > 0, α = κµ, d = 1 we have
that coincides in this particular case with eq. (24) of [17] .
It is worth stressing that the choice of the sign of α (while keeping δ positive) has a crucial effect on the asymptotic behavior of the geometry.
contains the singularity in agreement with ( [17] ) whereas for α < 0, as we saw above, the geometry is everywhere regular.
Let Λ < 0, D > 0, δ < 0, α > 0. By a proper shift in t, one can always achieve D = 1.
Then there exists some point t 0 at which h (t 0 ) = 0. Let
where h (t 0 ) = 0 and choose
Then φ → ∞, g → ∞, the proper time τ ∼ ln(t − t 0 ) → −∞, a exp(−τ ), φ −τ . We obtain de Sitter space undergoing deflation.
There 
We may achieve D = 1. Then
|δ| t → ∞, a → 1. Thus, we have graceful exit from deflation to the flat spacetime.
In the particular case A = 2 it is possible to obtain the explicit solution for the whole region. Solving (48) with respect to e −φ , we find
The solution [0, Λ] (0, 0) proves to be inconsistent with field equations.
Type [0, Λ](0, α)
This kind of solutions exists due to quantum effects (κ = 0) only.
Examples. Thus, superinflation is changed to superdeflation with everywhere bounded curvature.
where a 0 , t 0 are constants. Thus, the weak energy condition (WEC) is always violated for this type of solutions.
It is worth noting that the dependence of the metric on the dilaton g(φ) for this kind of solutions coincides with that for
On the other hand, the dependence of the dilaton on the proper time actually coincides with that for the [0, 0](0, 0) since in both cases
Consider the model (34) with
The exact expression for the curvature is
Thus, we have a remote singularity in the infinite past and the inflationary stage in an infinite far future.
Next example is the model (35) with C > 0,
Thus, the universe starts from the flat spacetime and infinite scale factor and exhibits power contraction, at far future we have the remote singularity.
Type [C, Λ](δ, 0):
e CH = e CH 0 1 + DCe −δt , g = e −η [e C(H−H 0 ) ν − 1] DC e −2CH ,(64)R = U (1 − 2κC) {2C + ω H + 1 CH ω H [νe C(H−H 0 ) − 1]}, Λ (1 − 2κC) = −e 2CH 0 Dδ 2 , T 0(P L) 0 = UC 4π κ 1 − 2κC ( ω CH + 2){2 + ω CH [1 − νe C(H−H 0 ) ]}, ν=sign(1 + DCe −δt ).
Example
Let us take the same model as in (50) 
One more example. 
defined in the region 0 < t < t 0 , where exp(|δ| t 0 ) = 2. Then at t → t 0 e
Thus, we have the remote singularity in an infinite past.
The type of solutions under discussion possesses one more interesting pecularity. Usually, in the standard inflationary cosmology, the scalar field is assumed to be approaching constant, the corresponding effective potential playing the role of a cosmological constant. Now we will see that the family of solutions described above contains qualitatively different possibility: (∇φ) 2 = 0, but de Sitter space-time (dS) is an exact solution of field equations.
If the dilaton depends only on time, so does the metric and we get an exponentially growing scale factor.
Indeed, let ω = η = 0, U = Λ = const. For example, according to (9) , F = e φ , V = Ce 
Integrating the expression for τ = dta, we see that t = 0 corresponds to τ → ∞. We obtain the exact expressions in dimensionless variables
the behavior of the dilaton is governed by the equation
The 2D dS metric can be viewed as the metric on the hyperboloid
embedded in the three-dimensional space
There are three typical possibilities:
Usually, it is the metric (80) which is considered in the theory of inflation. In the region |w| < 1, |u| > |v| the metric (80) can be reduced to the static form (78). This is impossible for the metric (76), for which |u| < |v|, |w| > 1. The geometry, described by but ω → 0 asymptotically, the inflationary regime can be considered as an approximation.
Type [C, Λ](0, α)
It can be obtained directly from types I or III by putting δ = 0. 
Type [C, 0](δ, α):
This dependence of the metric and dilaton on time coincides with [0, 0](0, 0), provided
The solution [C, 0](δ, 0) can be obtained from (81) directly by putting α = 0.
V. GENERIC TYPES OF COSMOLOGICAL SOLUTIONS
Let us now discuss briefly the general case with nonzero parameters C, Λ,α, δ. It is instructive to observe that asymptotic behavior of the solutions described in Sec. III, in the most part of cases is qualitatively similar to that found in the particular cases in the preceding section. This can be seen from general formulas as follows.
Case I a .
At t → 0,
at t → ∞ we have
It follows from (43) and (54) Case II a . Then
At t → ±∞, H A ± t, where the constants
At t → 0, again, the behavior is close to that for [C, Λ](0, 0). For t → ∞ the dependence φ(t) is close to that for [0, 0](0, 0) but the dependence t(τ ) may essentially differ because of the factor t −2 in g(t).
At
Thus, we have the transition from a remote singularity in the past to the superdeflation in future. If δ > 0, in the interval −∞ < t < 0 we obtain, in a similar way, the transition from the superinflation in the past to the remote singularity in the future.
Case III.
Let πn ≡ κt n ≤ κt ≤ π(n + 1) =, κt n+1 , n is an integer. As t → t k , where k = n or k = n + 1, the dependence
is qualitatively close to that for [C, Λ](0, 0).
Thus, we see that, indeed, there is only several typical asymptotic formulas for time behavior, the behavior of the general solution being described via its particular cases. However, this standard asymptotic formula are very sensitive to the choice of a particular model, as we saw it in concrete examples.
VI. REGULAR SOLUTIONS WITH INFINITELY STRONG BACKREACTION
It is common belief that quantum effects can smash classical singularity, thus leading to everywhere regular spacetime. This was confirmed explicitly for the models considered in [14] , [17] , where it was shown that it is the finite quantum parameter κ that removes the singularity, inherent to the classical limit κ = 0. In the present paper, where also examples with everywhere bounded curvature were found, it is essential that (at least in some cases) this behavior is due to the nonzero coefficient d or κ (they appear as a product dκ in the model (35)). Thus, quantum backreaction can give rise to regularity of the metric.
Meanwhile, in 2D dilaton gravity there exist cases when this backreaction becomes so strong that the contribution from T ν(P L) µ diverges by itself. One could expect these divergencies to destroy regularity of the spacetime: in this sense not only the absence of backreaction but also too strong backreaction would seem incompatible with the regularity of the geometry. Nevertheless, sometimes the geometry can remain finite even in spite of divergencies
. This was shown for black hole solutions [21] . For cosmological ones these results
could not be applied directly since the cosmological counterpart of black holes considered there would have a finite τ (analogue of the proper length) and, thus, would be geodesically incomplete. However, now we will see, using the materials of previous sections, that combination of divergent quantum stresses with the regular geometry is possible for cosmological spacetimes as well.
Let us reconsider the solution [0, 0](δ, α) for the model discussed after eq. (43), with Meanwhile, the metric approaches de Sitter one with the constant curvature.
The fact that in an infinite past (or infinite future) quantum effects could be enormously large, are not in disagreement in intuitive expectations about possible contribution from quantum effects near the classical singularity. We see that these effects cannot (at least, for some kinds of models) destroy the regular character of the spacetime.
VII. SUMMARY
We enumerated all possible types of exact solutions which we have manage to find among 2D dilaton semiclassical gravity theories with backreaction of quantum conformal fields taken into account. We analyzed string-inspired models of dilaton cosmology, in which all coefficients are simple combinations of exponential and linear functions of the dilaton φ.
We showed that practically any subset of solutions may describe a singularity-free universe, which starts in an infinite past and expands or contracts forever. We found also that in some cases these kinds of solution can occupy the intermediate place between completely regular and singular spacetimes, representing remote singularities. This means that the singularity exists but it lies in an infinite past (or infinite far future) with respect to any event, so not an observer hits it.
Below we summarize main concrete results of our paper. Not repeating detailed features of solutions, outlined in the main text, we represent in the 
remote singularity superdeflation Comparing our results with previous studies of exact solutions in 2D cosmology, we note that, in our terms, the paper [17] For example, we obtained for the [0, Λ](0, α) type that universe starts from a = 0, passes through the maximum value of a and ends up with a = 0. In the beginning and end of evolution R ∂ 2 a ∂τ 2 > 0, in the point of the maximum and some its vicinity this quantity is negative, so the curvature changes its sign somewhere, remaining bounded. In a similar way, the property of having zero energy density for the classical part of the effective stressenergy tensor, found in [20] , is rather property of the particular type [0, 0](0, 0) of solutions, considered there and does not have to hold in general for all other regular solutions.
Quantum effects are crucial for the most part of the considered examples since they are responsible for the appearance of terms like κd in the expression for H(φ) (see the table) that affects qualitatively the behavior of the system at φ → ∞ or φ → −∞ in the initial or final state. In this sense, quantum backreaction turns out to be a powerful tool of removing singularities inherent to classical solutions. Moreover, in some cases even divergencies of quantum stresses in the initial or final state (τ → −∞ or τ → ∞) do not spoil the regularity of the geometry. For some particular types, such as [0, Λ](0, α), the solution loses it sense at all without account for quantum terms.
It is worth paying attention to the non-standard version of the inflation scenario which is contained in the type [C, Λ](0, 0). Being geodesically incomplete, it represents the part of the de-Sitter world that expands exponentially fast asymptotically, but in doing so the dilaton field also depends on time, while the effective potential U(φ) (which usually plays a role of a cosmological term with φ = const) is absent.
We restricted ourselves to simplest models. However, the approach, once the condition of exact solvability is respected, applies to any kind of models within this class, so the results admit further extension. 
